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CALCULATION OF PRESSURE DISTRIBUTION
NEAR THE LEADING EDGE OF AN AIRFOIL
USING THE DISCRETE-VORTEX METHOD

D. N. Gorelov UDC 518.12:533.6

Solution of problems of a flow past an airfoil using the discrete-vortex method determines the total
intensities of a vortex layer for a finite number of elements. To calculate the pressure distribution over the
airfoil and the total hydrodynamic reactions, one should construct an approximating function for the intensity
of the vortex layer on the basis of assigned values of discrete vortices. A step function is usually chosen. Such
an approximation gives good results for inner points of the contour, but is practically unacceptable near the
leading edge, in particular, for thin profiles.

In the present work an approximating function for the intensity of a vortex layer near the leading
edge of an airfoil is constructed taking into account the edge shape using the values for two discrete vortices.
Formulas for the pressure distribution and total hydrodynamic reactions are presented. It is shown that in
the limiting case of an infinitely thin profile the approximation permits exact determination of the suction
force.

1. Let us consider the problem of a stationary flow of an ideal incompressible liquid past an airfoil in
Cartesian coordinates Ozy. Let the contours L; and L2 be the upper and lower sides of the airfoil. We model
these contours by vortex layers of intensities 41 (01) and 73 (02) (01 and oy are the arc coordinates of the
points at Ly and L»). Following the method of discrete vortices, we divide the contours L; and Lz into N
elements [((r)_l, C,(J)] €L (r=1,2,m=1,...,N), where (,(,:)_1 and (,(,I) are the complex coordinates of the
ends of the mth element. The total intensity of the vortex layer at [C,(,:)_l, (,(,:)] determines the intensity of the
discrete vortex I'tr) placed at point 2 of this element. Let the elements with number m = 1 be adjacent to
the leading edge; the elements with number m = N, to the trailing edge.

Assume that FS,') are known. We construct the approximating functions for 4, (o,) at the elements
[C(gr), Cgr)] through the assigned values of F(lr) (r = 1,2) with allowance for the profile geometry and the
character of variation of fluid velocity along it.

First of all we derive a rather general equation for the profile contour in a small vicinity of the leading
edge. We introduce a system of coordinates O€n with the origin at the leading edge orienting the £ axis along
the tangent to the median Lg of the contour (see Fig. 1). Let &1, nr1 be the coordinates of the end of the
first element at L,, r = 1,2. We shall assign the contour L, at the points of this element by the equation

7= (=1 ar/E, ar=|77r1l/\/571» £e0,én], r=1,2 (1.1)

Each curve (1.1) passes through two given points (0,0), (r1,7r1) of the contour L, and satisfies the
condition according to which the derivative

nh = (=1)"a,/(2,/8) (1.2)
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Fig. 1

becomes infinite at 5,1 # 0 at the leading edge. Test calculations have demonstrated the high accuracy of Eq.
(1.1) at N > 1 for all Zhukovskii airfoils (from a plate to a circle).

Now let us turn to the construction of an approximating function for the intensity of the vortex layer
4+ (o+), which differs from the tangential velocity component only in the sign. We note that for round-leading-
edge airfoils the fluid velocity along the edge changes rather smoothly, and for thin profiles a growth in the
velocity gradient is observed as the leading edge is approached. In the limiting case of an infinitely thin profile,
the velocity near the leading edge varies as 1//£. Taking into account this character of velocity variation we
approximate v, (o) in the vicinity of the leading edge (at the elements [Cér), Clr)]) by the function

A,
Tr (Ur)zBr+mw fe [01 fTI]a T‘-‘—"l,2,
VE\T + (n;)? (1.3)
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Here A(lr) is the length of the element [C(gr), Cl(r)]; A, and B, are constants defined in terms of discrete vortices

F(ll) and F(lz), which are placed at the first elements of the contours Ly and Lo (see Fig. 1).
Expressions (1.1) and (1.2) make it possible to write (1.3) as

2Arv Zrl
V4E&r +

It is evident from (1.4) that for sufficiently thick profiles (|n,1|/é-1 ~ 1) both terms exert the same
influence on the velocity distribution, whereas for thin profiles (|n,1]/6;1 < 1) the second term is principal.
In the limiting case of |n,1]| = 0, when the airfoil coincides with the airfoil section Lo,

Yelor) = A\ JE+., €€ (0,6n], r=12

In this case, Lo is simulated by two vortex layers whose intensities v; and v, are determined (with
one-place accuracy) by the limiting values of the tangential velocity components. In simulating Lo by one

vortex layer, as is customary in thin-wing theory [1], the intensity of the vortex layer is vy = 71 + 72 and in a
small vicinity of the leading edge

Yr(or) = Br + (1.4)

1(€) = AIE, A=A+ Ao (1.5)

This completes the construction of the approximating function for ~, (o,) near the leading edge of an
airfoil.
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A numerical experiment has shown that for the elements of vortex layers at Ly and Ls beyond the
leading edge one can apply a piecewise constant intensity distribution v, (o). In this case

v (or) =TQP/AD, AR =1t ~¢D), r=1,2, m=2,...,N (1.6)

2. Let us turn to the derivation of formulas for the hydrodynamic pressure p and the total hydrodynamic
forces R; and Ry acting on the profile contour L = L; + Ls.

In a stationary incompressible flow hydrodynamic pressure is related to the velocity vector v by
Bernoulli’s integral

1
P Poo = —5p (v" — v30)
(p is the liquid density, v = |v}).
At the points of the profile contour

1
v=|1|, P—Po= 510 (73 - vgo)a (z,y) € L., r=12 (2.1)
Here 7, (o,) is determined from the assigned values for discrete vortices using approximation functions (1.3)
and (1.6).
The total hydrodynamic forces are calculated by the formula
Ry ~ iR, = i/(p — poo) e do, (2.2)
L

where 0 is the slope angle of the tangent to the contour L, which is reckoned from the axis r counterclockwise,
while integration over the contour L is performed clockwise. Let us present (2.2) in the form

2 N
R, —iRy =Y 3 (ARG) —iARY)) (2.3)
r=1m=1

(AR(IT,L, AR&% are the hydrodynamic forces acting on the mth element of the contour L,). From (1 6) and
(2.1)-(2.3) it follows that for the contour elements beyond the leading edge (m =2,...,N)

() _ingt) = _ioam [(TR) - e ] i)
ARy, — ARy, = —-{)—pAm 5] TVl " (2.4)
2 Al

(95,:) 1s the angle 4 at the point z,(,';) or at a control point at the appropriate element).
At the elements with number m = 1, which are adjacent to the leading edge, the intensity of the vortex

layer is given by approximating function (1.3), and the profile contour, by (1.1). Therefore, at m =1

ARY) —iARS) = (AR —iARY)) e~ o,

(2.5)
( ) ( ) 1 frl A 2
r . ry _ Lty T _ 2 ! ;
AREY — ARy = 5 (-1) 0/{[3,+ 7 1+(n’r)2} vw}(n,+z)d§.
Calculating the integrals we obtain
V91+82+1
AR = lp — |nei)(B% — v2) — 8B \/En Ar By 1n—ﬂ _ 2A%arctan — ; (2.6)
€1 =3 o0 \/1_+5§_1 " B
r 1 . 1+ 32 :
ARG = —Sp(-1) {4 erlA,Br[\/1+ﬁ$—6r]+A$1n ﬂf +(B,2—v§o)§,1} (2.7)

[ﬂr = [nr1l/(261)]
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The moment of hydrodynamic forces with respect to the axis passing through a point is calculated

from the distributed forces AR(T) and AR(y"), In particular, the moment with respect to the coordinate origin
1s

2 N
= Z Z AR 20— ART) 40y,

(r) (

Here 24 (1) are the coordinates of the discrete vortex I't;
and AR(,,)I are applied to & ))

Formulas (2.3)-(2.7) are applicable for calculating the hydrodynamic forces acting on profiles of any
thickness. Let us show that in the limiting case of an infinitely thin profile the results obtained are in complete
correspondence with the thin-wing theory [1].

and ym under the assumption that the forces ARG,

Assume |fr1| — 0. Then the contour L is transformed into an airfoil section Lg, and the angle 6% =

( ) + m; in this case Lg is simulated by two vortex layers v, and 72. In the thin-wing theory, as mentioned
before Ly is simulated by one vortex layer v = 71 + 2. Let Ap, be the lengths of the elements of this layer,

while Aﬁ,‘,) = Aﬁ?) =Anp (m=1,...,N). It follows from (2.4) that each element of Ly experiences a force
ARm - %pAm[(Fgrll)/Am)2 - (Fsrzl)/Am)zL m =2a"'3N’ (28)
directed to the normal of the element. Let us denote

vo = (vf +v;)/2, v=v; —v],

where v} and v} are the limiting values of the tangential fluid velocity component as Lg is approached from
above and below Within the framework of approximation (1.6) at the mth element

=T/ Am, vy =T0/Am, o= (T3 —T0)/(2Am), 7= TR +TD)/Am.  (29)
Taking into account (2.9), formula (2.8) takes the form of the Zhukovskii theorem “in the small”
ARm/Am = —pvgy, m=2,...,N.

Let us consider the hydrodynamic forces acting on the first element of the airfoil section Lg. Following
the thin-wing theory, this element is affected by two forces. One force is directed normally and is determined
by the Zhukovskii theorem “in the small,” and the other, which is called the suction force, is applied to the
leading edge and is tangent to Lg. With variation of the intensity of the vortex layer in the vicinity of the
leading edge Lo according to the law (1.5) the suction force is

Q = —mpA*/4. (2.10)

Let us determine the form taken by formulas (2.6) and (2.7) in the limiting case of an infinitely thin

profile. We note that the forces ARérI) (r = 1,2) are tangent to Lg at the leading edge, while ARWI), is directed
to the normal. At |n;1] — 0 the coefficient 3, — 0 and (2.6) takes the form

ARY) = —mpAl[2, r=1,2.
The total force acting on the first element of the airfoil section Ly in the direction of the tangent is

2 m
ARg = ARY + ARY) = —5r (4} + 43).

Expressing A;, A2 with the help of (1.3) in terms of the intensities of the discrete vortices F(lx) and
(2

1, we obtain
w4y

ARey = ——p

= x (2.11)
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Formula (2.11) is in complete agreement with (2.10). Actually, by definition

r{V 4 r® /7 )dé = 2,/ALA.

Hence

a= (T +18)/2/A0),

which results in the coincidence of (2.10) and (2.11). Similarly, using (2.7) to estimate the normal force

ARq = ARS, + AR(z) acting on the first element Lo, we arrive at (2.8).

Thus, in the hmlting case of an infinitely thin profile, formulas (2.4)-(2.7) derived on the basis of
approximating functions (1.1)-(1.3) are in complete agreement with the results of the thin-wing theory.

The algorithm developed was tested in the problem of motion of an airfoil near a screen [2].
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